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Exact enumeration approach to fractal properties of the
percolation backbone and 1/0 expansion

Daniel C Hong and H Eugene Stanley

Center for Polymer Studiest and Department of Physics, Boston University, Boston, MA
02215, USA

Received 20 June 1983

Abstract. An exact enumeration approach is developed for the backbone fractal of the
incipient infinite cluster at the percolation threshold. We use this approach to calculate
exactly the first low-density expansion of Lgg(p) for arbitrary system dimensionality d,
where Lgg(p) is the mean number of backbone bonds and p is the bond occupation
probability. Standard series extrapolation methods provide estimates of the fractal
dimension of the backbone for all d; these disagree with the Sierpinski gasket model of
the backbone. We also calculate the first low-density expansions of Lyn(p) and L,4(p)
which are, respectively, the mean number of bonds in the minimum path between i and
j and the mean number of singly connected (‘red’) bonds.

How can one describe the flow of fluid in random porous media? This important
question has long eluded explanation. Recently, considerable attention has been
focused on the utility of fractals as models of random media. In particular, the topology
of the network that exists just at the onset of fluid flow has been modelled by percolation
theory. Bonds are considered intact if fluid can flow through them. When the fraction
of bonds is small, the system consists of many small finite clusters. However, as the
bond fraction approaches a critical value p. the clusters grow large and ramified until
at p. fluid can flow. If we consider the network of intact bonds right at p., there will
be a subset of bonds that carry fluid (‘backbone’ bonds) and a remainder that does
not (‘dangling ends’). The structure of the backbone remains an important open
question. Two models of the backbone have been discussed in the literature. In one
(Gefen et al 1981), the backbone is replaced by a d-dimensional Sierpinski gasket.
In the other (Stanley 1977, Coniglio 1981, 1982, Pike and Stanley 1981, Stanley and
Coniglio 1983), the backbone is considered to consist of an alternating sequence of
singly connected (‘red’) bonds and multiply connected (‘blue’) bonds; these are shown
in colour as figure 5 of Hamann (1983).

The advantage of the Sierpinski gasket model of the backbone is that one can
calculate exactly its fractal dimension, Dg=In(d +1)/In 2. Hence it is important to
obtain estimates of Dy for the actual backbone of percolation clusters. Thus far, the
only efforts have been Monte Carlo simulations in d =2, 3 for the backbone order
parameter exponent Bg; however, the order parameter is extremely difficult to calculate
by Monte Carlo methods (Kirkpatrick 1978, Li and Streider 1982). Also, a limited
attempt has been made to estimate the field-like scaling power y, by large-cell
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position-space renormalisation group; however, this work was limited to d =2. The
Sierpinski gasket model gives reasonable quantitative values for 4 =2, 3 but not for
higher d. For this and other reasons, it is highly desirable to have calculations of d;
for the backbone for general d, in order that one can better assess the relative merits
of various models of backbone topology. To this end, here we present an exact
enumeration approach for the backbone fractal, and calculate the first ten terms in
the low-density expansions for arbitrary d. We shall see that these ten terms behave
sufficiently smoothly with increasing order that extrapolations to obtain the asymptotic
behaviour can be made (table 1).

Table 1. Critical exponents characterising the backbone of the incipient infinite cluster
in percolation. The basic quantities calculated are {g and {min, since f,.q=1 for all d
(Coniglio 1982). In order to obtain the exponent for the derived quantities Lga(p) and
Lmin(p), we need v,, which is also tabulated. Finally, to obtain the backbone fractal
dimension, Dy, we need ».

Ind+1

Yo v {B {min DB=p—B Dy ='“£_)
v In2
- 43(a) 4(a) w 1.38x0.1% i 1

d=2 2 ¢ 2400057 0T oq 1.80£0.04 1.585
1.73£0.03® ‘

d=3 1.66+0.079  0.88+0.02® 1.61+0.07" 1.18+0.07" 1.83+0.08"  2.000%
1.66¢
1.48£0.08' A

d=4 1.40@ 0.7™ 1.32518 1.03£0.08" 1.89201% 23220
1.41£0.25°
1.16¢

d=5 1.18+0.07 0.6™ 1.1600.1%"  1.022£0.1%  1.93+0.16"  2.585"
1.25+0.15

e i 2 N 1+5¢® 24+0.0476¢

d=6 £ 1+7E +0.046¢ 0.5+g4£ +O.025€2 - +0»0186€2 —

d=6 1.00® 0.500' 1.02£0.02% 1.02+0.02” 2.04+0.04"  2.8077

1 Exact. " Gefen et al (1981).

® Gaunt and Sykes (1983). ‘® Harris and Lubensky (1983).

' Gaunt et al (1976). ™ Stauffer (1979).

‘¥ Fisch and Harris (1978). * Pike and Stanley (1981).

) Gaunt et al (1976). Y This work.

Since the ‘thermal’ scaling power yr = 1/v is the same for the backbone as for the
full cluster (Shlifer ez al 1979), it is sufficient to calculate only one exponent in addition
to v. Since low-density expansions are generally more accurate than high-density
expansions for the same effort, we focus our attention on the exponent ¢ rather than
on Bg.

In order to define clearly our approach, it is useful to review how one may calculate
the exponent y for the full cluster (Essam 1971, Dunn et al 1975). The pair
connectedness P;; is defined to be the probability that sites / and j are connected,

Pij = [Vii]conﬁga (1a)
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where v; =1 if sites i and j are connected (belong to the same cluster) and v; =0
otherwise. The square brackets denote a configurational average over all 2" configur-

ations of an N-bond system. For example, for d =1, P, =p"~". The mean cluster
size or ‘susceptibility’ is given by the fluctuation relation
SE)=x,p)=Y Py~e ™, (1b)
ij

where &€ = (p.—p)/p.~» 0" and v is the mean-size critical exponent. For d =1, the
known result (Reynolds et al 1977) S{(p)=(1+p)/(1- p)~e'1 follows immediately
from (14).

These ideas can be extended to other quantities (Fisch and Harris 1978, Coniglio
1982). Thus for the backbone we may define

B;= [bivy] (2a)
where by 1s the number of backbone bonds connecting sites / and j. For d =1,
B =i —jlp"™. In analogy with equation (15), we may define the ‘backbone suscepti-
bility’
xss(P) =2, B (2b)
if

For d = 1, we have xgs(p) =2p/(1-p)°.
Below p., the mean number of backbone bonds Lyp connecting two sites i and j
that are separated a distance of the order of the correlation length is (Coniglio 1982)

LBB(p)=lZiBii/; Pi;""t?—c“, (3)

which defines the critical exponent (g for the backbone.

Using the cumulant method, we have developed a low-density expansion for xgg(p)
in the form

xos(p) = 3 Bl @)

and have evaluated the coefficients B, (d) in closed form for all d for 1<sn <10. To
this end, we have generalised the inclusion-exclusion principle for the pair connected-
ness function to the backbone. The generalisation arises from the fact that the number
of backbone bonds between sites i and j, like the pair connectedness P;;, is independent
of any ‘dangling ends’. Therefore we only need self-avoiding walks (saws) and loop
diagrams that are constructed by the union of saws between i and j. Thus for any
graph G the average B;; is given by

B, =Y C(g)E(g)p"*®, (5a)

where the summation runs over all subgraphs of the graph G, E(g) is the embedding
constant, b(g) is the number of bonds of g, and the cumulant C(g) satisfies the recursive
relation (Essam 1971, Fisch and Harris 1978)

C(g)=V(g)-% Cg. (5b)

Here V(g) is the value of g, while g’ are the subgraphs of g.
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For example, consider the simple four-bond graph G(|"_7), where the crosses denote
sites i and j. Applying (5), we find

e

=[VIC) ~2v() ot w2 ()
=[4-2x2]p*+[2x2]p”. (6a)

Had we assigned the value V(g)=1 for each graph, then we would have recovered
the usual inclusion-exclusion principle,

Py=[1-2x1]p*+[2x1)p*=—p*+2p> (6b)

For the infinite lattice, with two fixed sites { and j, there are of course an infinite
number of saws joining / and j (unless the lattice has directed bonds). Therefore we
cannot perform an exact calculation, but instead must perform an expansion in
increasing powers of p, by including in the calculation graphs with increasing numbers
of bonds and multiplying the contribution of each graph by the appropriate lattice
embedding constant (Fisch 1977). Thus the initial terms in this expansion are

x88(p) = Cgp(X~X)[2d]p + Caa(x -~ x)[(2d)(2d - 1)]p°
+Crp(X— == x)[(2d)(2d - 1)*]p?
+Cpp(X === — x)(2d(2d -1)*-4d(d - 1)}p*

c-X
#[4ces (1) +8Cus( [71) Jaa@-1p* (7a)
Here the backbone cumulant Cgg(g) for a diagram g is given by
Cra(g)=V(g)— ¥ Casl(g). (76)
g€

The expansion (7) increases rapidly in complexity, but the requisite diagrams and
lattice embedding constants are known through order p'° (Baker et @/ 1967, Fisch
1977). Therefore it is necessary only to apply the recursive relation (6) to each graph
g and then to calculate the number of backbone bonds in each subgraph g'. The
general-d expressions in the form of (7) are given in table 2.

We find that the coefficients B,(d) in the series for the backbone ygg(p) are of
the same form as the coefficients in the series for mean size S(p),

Bo@)= 3 Wonsni (§) (8)

The (d-independent) coefficients W, ,_..1 are given in table 2(a) up to n = 10. We
find for the first two coefficients the simple results

W, =n2"n! (9a)
Wo2=2n(n—-1)2""2(n - 1)! (9%)
Wo3=13n2""*(n —2)1(6n* —40n>+96n2—128n + 126) +24(n — 3)2" *(n = 2). (9¢)
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In order to form the function Lgg(p) of (3), we must also obtain general-d
expressions for the mean-size function S(p) for bond percolation with site counting
(as opposed to bond counting, as in the conventional series expansions). Fortunately,
Fisch and Harris (1978) tabulate the needed results.

The resulting series were analysed for d =2—6 by the usual extrapolation pro-
cedures. We found that Padé approximants provided the most consistent estimates
of the backbone exponent {p defined in (3), and the results are shown in table 1.
Table 1 also shows Dg = ¢/, the fractal dimension of the backbone. For comparison,
we include the prediction Dp =In{d + 1)/In 2 of the Sierpinski gasket model. We see
that the discrepancy is most serious for large d.

The same procedure developed above for the number of backbone bonds B;; can
be readily extended to the minimum number of bonds M;; (Middlemiss et al 1980, Pike
and Stanley, 1981), where M;; =[m;v;] in analogy to (2a). The general-d results are
given in table 2(») while table 1 also gives the results of extrapolation procedures for
the exponent {,;, defined through

Lmin(p)=ZMij/z Pz,‘:Xmin(P)/Xp(P)“’E—{'"i", (10a)

where

Xemin@) = f M, (d)p". (108)

Similarly we can define

Lred(p)=zRij/Z Pi[=Xred(p)/Xp(p)~€_{red’ (11a)

Xeeal) = 21 R.(d)p", (115)

where R;; =[r;v;] is the number of singly connected {‘red’) bonds or links between
sites { and j. Pike and Stanley (1981) found that L,.4{p) diverges at p., contrary to
some intuitive expectations, and Coniglio (1981, 1982) proved rigorously that ¢,y =1
for all spatial dimensionalities d. The proof was based on the ‘Lemma’ that L,.q(p) =
p (d/dp)log S(p). We find that Coniglio’s lemma holds ‘term-by-term’ in the sense
that for each graph in the low-density series expansion,

L;=p(d/dp)log P;. (12)

In table 2, we tabulate the general-d results for the function £; R,

Although less reliable than direct analysis, an approximation to the functions
XBB(P), Xmin(P) and x:.a(p) may be obtained by deriving expansions in the variable
1/a, where o =2d — 1. Following the procedure used for x,(p) (Gaunt and Ruskin
1978), we find to O(1/a?),

xse=x88 +(—5x2/(1-x)*+x/(1=x)* = 18x/(1 ~x)+Tx +x )0 2 +. .., (13a)
Xmin =X ain +(=5x2/(1=x)>=3x/(1=x)*—6/(1-x)~x =3x D)o 2+.. ., (13b)

Xred =X g +[=5x2/(1~=x)*=5x/(1—x)*=5x = 5x%Jo > +. .., (13¢)
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where x =ap. Following the procedure used in deriving

X7 @) =1+ +1) § (0p) = (1+p)/(1-0p), (14a)
we obtain
X5h=xSh=xT=(1+07) T rlop) =@+ Lp/(1-0p)’.  (14b)

In summary, then, we have calculated the first low-density expansions for three
quantities characterising the backbone fractal of the incipient infinite cluster at the
percolation threshold. These are Lgp, Lmin and L,.q Which, respectively, are the mean
number of backbone bonds, the mean length of minimum path, and the mean number
of ‘red’ bonds between sites i and j separated by a correlation length. Extrapolations
for the corresponding critical exponents, {pp and {mi, are presented in table 1; {r is
known to diverge as 1/¢ for all 4 (Coniglio 1982).

After this work was completed, we received two interesting preprints (Harris 1983,
Harris and Lubensky 1983) which apply field-theoretic methods to calculate one of
these quantities, Lgp, as a series in (6 —d); for d > 3, their results are not inconsistent
with ours based on series expansions.

We wish to thank S Redner and especially A Coniglio, as well as A B Harris for
providing us with a copy of Fisch (1977).
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